The solution of fatigue strength as a function of preloading in dynamic fatigue testing was obtained analytically and numerically. The effect of preloading on dynamic fatigue strength decreases with increasing fatigue parameter (n), and for n > 20 the effect is negligible up to a preloadin g of 90 %. The solution was verified by dynamic fatigue experiments conducted with soda-lime glass and alumina specimens in room-temperature distilled water. This result showed that one can apply a preloading corresponding up to 90 % of fatigue strength for most glass and ceramic materials, resulting in a dramatic saving of testing time in dynamic fatigue testing. The key feature that makes this technique feasible is that most of the slow crack growth under dynamic fatigue loading occurs close to failure time where a dynamic fatigue strength is defined.
INTRODUCTION
Slow crack growth (fatigue) of glass and ceramic materials can be determined by the crack size measurement or strength measurement method. The crack size measurement can be achieved by monitoring crack growth by # NASA Senior Resident Research Associate, Lewis Research Center, Cleveland, OH 44135 (all correspondence to this address).
compliance, optical or electrical techniques, using either precracked fracture toughness test specimens 5 or indented flexure beam specimens.54 The strength measurement, on the other hand, is an indirect method, in which slow crack growth is measured via strength degradation due to slow crack growth of test specimens. The strength methods include dynamic, static and cyclic fatigue testing. 5414 Dynamic fatigue testing has been used for several decades to characterize fatigue behavior of glass and ceramics materials at both ambient and elevated temperatures. The advantage of dynamic fatigue testing over other methods lies in its simplicity Strengths are measured in a routine manner at three to four stressing rates by applying constant crosshead speeds or constant loading rates. The fatigue parameters required for design are simply calculated from a relationship between fatigue strength and strescing _rate? These merits have prompted an effort to establish an ASTM standard for dynamic fatigue. 15 The testing time, or failure time, in dynamic fatigue testing depends on fatigue strength, streccing rate, and number of test specimens used. For example, if it takes about 6 h at a certain low stressing rate of 2 MPaimin to test one ceramic specimen with a strength of about 700 MPa and if a minimum of twenty specimens is required to obtain reliable statistical data, then the total testing time would be 120 h. If a preload corresponding to 50 % of the fatigue strength is applied to the specimen prior to testing, 50 % of the total testing time can be saved as long as the fatigue strength remains unchanged regardless of preloading. In fact, it has been a common, empirical practice in optical fiber (1) (7) In deriving Eq. (6), it was assumed that testing to apply some preloading (< 50 %), resulting in a considerable saving of testing time. The purpose of this paper is to study the effect of preloading on dynamic fatigue strength in order to lay a theoretical foundation on such an empirical practice. For this purpose, the analytical and numerical solution of dynamic fatigue strength as a function of preloading was developed for a Griffith (natural) flaw system. To verify the solution, dynamic fatigue testing of glass and ceramic specimens was conducted in a range of preloadings from 0 to 90 % in roomtemperature distilled water. Finally, the testing time as a function of preloading was presented in conjunction with fatigue parameter (n)to give an important implication of the solution established.
ANALYSIS
In this section the analytical and numerical solution of dynamic fatigue strength as a function of preloading is presented. In many cases slow crack growth of glass and ceramics under Mode I loading conditions above the fatigue limit can be described by the following empirical power-law relation with no slow crack growth. The parameter B is expressed
The integral term in Eq. (3) thus represents a strength degradation due to slow crack growth.
In dynamic fatigue testing a constant stressing rate of a is employed using either constant displacement rate (positioncontrolled mode) or constant loading rate (load-controlled mode), as shown in Fig. 1(a) . The applied stress is
At fracture, or = ii tr, where or and tr are fatigue strength and failure time, respectively. Substituting Eq. (5) into Eq.
dynamic fatigue strength as a function of stressing rateis (3) using the relation at fracture, one can obtain the following
where v, a and t are crack velocity, crack size, and time, respectively. A and n are the material/environmentdependent fatigue parameters. K 1 is the Mode I stress intensity factor and K w is the critical stress intensity factor or fracture toughness of the material under Mode I loading.
Analytical Solution
The corresponding Mode I stress intensity factor for the Griffith flaw system is = Y a. a 2
where Y is the crack geometry factor, and a a is the applied remote stress. Substituting Eq. (2) 
where S. is the strength degraded and S i is the inert strength defined as Si =K/c/(Yiafi) with an being a critical crack size since n > 10 for most glass and ceramics. Equation 6 is called a dynamic fatigue equation. The fatigue parameters n and A can be obtained, respectively, from the slope and intercept of a dynamic fatigue curve by a linear regression analysis when log a r is plotted as a function of log it. TIME TIME (a) (b) Figure 1 . Mode of loading applied in dynamic fatigue testing (a) without preloading (regular, conventional testing); (b) with preloading. Let us consider a case of preloading as shown in Fig.  1(b When a P = 0 in which no preloading is applied, Eq. (13) . reduces to unity, which is the case for Eq. (6). Equation 13 shows that the 'reduced' fatigue strength depends on two variables, fatigue parameter n and preloading factor a p. Equation (13) is depicted in Figure 2 . This figure shows that the effect of preloading on the 'reduced' fatigue strength becomes dominant with decreasing fatigue parameter. For example, at a preloading of 90% (a. = 0.9), af 1.0736 and 1.0251, respectively, for n = 5 and 10; whereas, rxf = 10049, 1.0001, 1.0000 and 1.0000, respectively, for n = 20, 40, 80, and 160. This means that for n S. 10 the effect of preloading on dynamic fatigue strength is not negligible (although small) with an increase in fatigue strength by 7.36 % and 2.51 To, respectively, for n= Sind 10. For n 20, the effect is negligible with a maximum increase by 0A9 % occurring at n = 20. Therefore, a preloading up to 90 % does not have any significant influence on dynamic fatigue strength of most glass and ceramic materials, since those materials, in general, exhibit n > 20 at room temperature.
Numerical Solution
The fact that an assumption (Eq. (7)) was made in deriving Eq. (13) and that crack growth as a function of time was not determined easily by the analytical solution prompted the use of numerical procedures to find related exact solutions. The differential equation of slow crack growth, Eq.
(1), can be solved numerically to determine the effect of preloading on fatigue strength as well as on crack growth behavior. To minimize having to specify several parameters, it is convenient to utilize a normalization scheme, as used previously in the fatigue analysis of postthreshold indentation flays's" and subthreshold flaws? With reference to the previous studies,g18 the normalized variables are introduced as follows: 
where K., J, u, e and irs are, respectively, normalized stress intensity factor, normalized time, normalized applied stress, normalized crack size, and normalized stressing rate. Using these variables, the power-law crack velocity (Eq. (1)) yields maximum inaccuracy of 2.5 % in dynamic fatigue strength for n < 10. For glass and ceramics that usually exhibit n > 20, it results in only 03 %. Of course, the less preloading the higher accuracy. The simple analytical solution of Eq. (13) thus provides an excellent tool of dynamic fatigue test methodologies with which a considerable amount of testing time can be saved through an appropriate choice of preloading. Experimental confirmation is needed and will be discussed in the next sections.
C = O•J +
where ao IS the normalized preloading stress, which has the following relation (see also Eq. 12) a: a.
' oh ft with aft: being a normalized fatigue strength with zero preloading. A solution of the differential equation in Eq. (15) in terms of the normalized variables such as failure time, fatigue strength and critical crack size can be obtained by stepwise numerical integration using a fourth-order RungeKutta method. The initial condition was taken to. be C = 1 at J = 0 and the instability condition was K = 1 and . . dfK /dC >0.
The solution procedure was first initiated to determine the normalized fatigue strength with zero preloading (a lb ) as a function of normalized stressing rate ) for the selected values of n = 5-160. A range of = 1.0 x 10 4 to 1.0 x 104 was used. The normalized fatigue strength with preloading (afp ) was then determined for a given is as a function of normalized preloaciing stress (a o ), ranging from ap = 0.5 to 0.9. This procedure was continued for the values of n = 5 to 160. The input variable a o was calculated using Eq. (16) with the known a and of; .
The result of the numerical solution is shown in Fig. 2 in which the analytical solution is also included. As seen in the figure, excellent agreement is found between the two solutions, confirming the accuracy of each solution. This also indicates that the assumption (Eq. (7)) that was made in deriving both the dynamic fatigue (Eq. 6) and the preloading (F-q. 13) equations can be extended to fatigue parameters, is > 5.
Based on the solution obtained, several conclusions can be drawn. The use of preloading up to 90 % gives rise to a EXPERIMENTAL PROCEDURE Dynamic fatigue experiments were conducted to verify the analytical and numerical solutions. Soda-lime glass slide specimens and alumina flexure beam specimens were tested at room temperature in distilled water. Controlled surface flaws were used for the glass specimens to minimi7e the ambiguity associated with low Weibull modulus typical of glass. This was achieved by using microindentation flaws produced on specimen surfaces by a Vickers microhardness indenter. The soda-lime glass specimens (Product # 2954-F, Erie Scientific Co., Portmouth, NH) measuring 75 mm (length) x 25 mm (width) x 1.2 mm (thickness) were annealed at 520°C in air for 20 h to remove any spurious residual stress. After annealing, the center of the tensile surface of each specimen was indented in air with a Vickers microhardness indenter (Model 3212, Zwick, Germany) for about 15 s with one of the indentation diagonals aligned along the direction of the prospective tensile stress of the specimen. An indentation load of 19.6 N was used.
After indentation the indented specimens were annealed at 520°C in air for 20 h to eliminate residual contact stress produced by indentation19 and thus to obtain Griffith flaw configurations. Dynamic fatigue traing of the indented-andannealed specimens was carried out using an electromechanical testing machine (Model 8562, 1nstron Co., Canton, MA) with a four-point bend fixture with 20 mminner and 40 mm-outer spans. Five different actuator speeds from 5 mm/min to 0.0005 mm/min were employed using a position-controlled mode. A total of six -specimens were used at each actuator speed. This regular dynamic fatigue testing was required to obtain fatigue parameter is and dynamic fatigue strength with zero preloading. Additional dynamic fatigue tests at actuator speeds of 0.05, 0.005 and 0.0005 mm/min were performed to determine the influence of preloading on fatigue strength. Four preloadings of 50, 70, 80 and 90 % were used at each actuator speed. The magnitudes of preloading at each actuator speed were calculated based on the average fatigue strength with zero preloading obtained for the same actuator speed. Five specimens were used at each preloacling condition.
Dynamic fatigue testing was conducted for as-machined 96 wt % alumina flexure beam specimens (ALSIMAG 614, G.E. Ceramics, Laurens, SC) by using a four-point flexure fixture with 20/40 mm spans and using the same testing machine that was used for the glass specimens. The nominal dimensions (width x height x length) of the test specimens were 4 x 3 x 45 mm, respectively. Seven different stressing rates from 0.2 Isea/rain to 200,000 MPa/min were applied in a load-controlled mode. A total of ten specimens were used at each stressing rate. Preload tests were conducted at two different stressing rates (02 and 2 MPa/min). Five preloads ranging from 50 to 90 % were used at each stressing rate with a total of four specimens at each preload condition.
Since the coefficient of variation in fatigue strength of this material was found to be less than 5 %, the number of test specimens used in this series of preloading tests were considered to be reasonable for reliable fatigue strength data.
RESULTS AND DISCUSSION

Experimental Results
Glass Specks:cu. The dynamic fatigue results for the indented-and-annealed glass specimens with Griffith flaw configurations are presented in Fig. 3 , where mean fatigue strength (log a) are plotted as a function of applied actuator speed (log X) based on Eq. (6). (Note that ir is a linear function of i for an infinite body containing a crack so that the fatigue parameter n remains unchanged, using either if or X.) A decrease in fatigue strength with decreasing actuator speed (or stressing rate), which represent fatigue susceptibility, was evident in the range of actuator speeds employed. The fatigue parameter n can be determined from the slope of Fig. 3 by a regression analysis of log o f versus log using Eq. (6) . A value of n = 17.1± 03 was obtained. The correlation coefficient was found to be > 0.999, showing an excellent data fit to the dynamic fatigue equation.
The influence of preloading on dynamic fatigue strength for the indented-and-annealed specimens is shown in Fig. 4 , where dynamic fatigue strength are plotted against preloading (ap) for three different actuator speeds. The horizontal line represents the dynamic fatigue strength with zero preloading obtained at each actuator speed. No significant variation in fatigue strength with preloading can be found.
wt % Alumina Specinsens.
The dynamic fatigue results for the as-machined 96 wt % alumina specimens are depicted in Fig. 5 . A value of it = 4L7 ± 2.3 was obtained with a correlation coefficient of > 0.990. The resulting plots of preloading tests are shown in Fig. 6 . Similar to the results obtained for the glass specimens, no significant variation in fatigue strength with preload can be observed at both stressing rates studied.
Comparison with Theoretical Solution
A comparison of the solution with the experimental data can be made if dynamic fatigue strength with preloading is normalized with respect to the dynamic fatigue strength without preloading at each actuator speed (or stressing rate), thereby obtaining örf in accordance with Eq. (13) or Fig. 2 . The resulting plots for the soda-lime glass and the alumina specimens are presented in Fig. 7 . The theoretical line was also included for each material, determined based on Eq. (13) with fatigue parameter n.
The average 'reduced' fatigue strengths obtained from the soda-lime glass and the alumina specimens in a range of preloadings from 50 to 90 % were ar = 1.007± 0.023 and 75f = 1.001 ± 0.018, respectively. This indicates that despite a little scatter in the fatigue strength data, preloading did not have any significance influence on dynamic fatigue strength up to a preloading of 90 %, consistent to the analytical solution. The somewhat higher strength scatter exhibited for the glass specimens, compared with the analytical solution, might be attributed to a change in crack tip morphologies from one configuration to another upon annealing.
Based on the comparison made between the solution and the experimental data, it is concluded that theory agrees very well with the experimental data and that the developed theory could be extended to any materials that exhibit slow crack growth as a governing failure mechanism. The reason for the insensitivity of dynamic fatigue strength to preloading can be understood easily if one considers how a crack grows under dynmaic fatigue loading conditions.
Crack Growth Behavior Figure 8 shows the normalized crack size (C) as a function of normalized time (J) for the Griffith flaw system subjected to dynamic fatigue with zero preloading. The data in the figure was obtained numerically for if = 1.0 x with fatigue parameters of n = 5 to 80. Due to increased fatigue susceptibility, crack growth is dominant with decreasing n, resulting in shorter failure time and consequently lower fatigue strength. It is very important to note that the initial crack (C = 1.0) grows very little during most of testing time, but grows instantaneously dose to and/or at the failure time at which dynamic fatigue strength is defined. This phenomenon is more enhanced with increasing fatigue parameter, as seen in the figure. Therefore, it is evident that the nature of this king 'incubation' time of an initial crack is a key aspect that makes the preloading technique feasible in dynamic fatigue. 
IMPLICATIONS
The most direct and powerful effect of preloading is the saving of test time. For example, if it takes about 7 h in dynamic fatigue at a certain low stressing rate (say, 2 MPa/min) to test one specimen of silicon nitride whose strength is 800 MPa. If a minimum of twenty specimens is required to obtain reliable statistical data, then the total test time would be 140h. But if a preloading of 80 % is applied, the total testing time would be reduced to only 28 h so that 80 % of the total test time can be saved. And 70 % saving for a preloading of 70 %, and so on. This is a tremendous amount of time saving which gives a great impact on testing economy. The test time, =eluding any preparation time, as a function of preloading in conjunction with fatigue parameter (n) is derived as follows.
The dynamic fatigue equation ?f Eq. (6) 
At failure (t = tf), the fatigue strength is 7
Equating the above two equations and solving for failure time tp one can obtain _ t = P [6] 'I (20) It is a general practice to use three to five streccing rates that could be related as follows: Figure 9 shows the normalized test time as a function of fatigue parameter n for four different streqsing rates with a =10, 13=100, and 7 = 1000 which is the general order of magnitudes used in dynamic fatigue testing. For convenience, bi was taken to be unity (= 1.0 MPa/min). As seen in the figure test time depends on both stressing rate and n. The effect of n on total test time is more sensitive at lower fatigue parameters of n < 109. It is also shown in the figure that most of test time is consumed at the lowest stressing rate so that the contribution of preloading is maximized when the preload is applied at the lowest stressing rate. Figure 10 shows the plots of normalized total test time as a function of fatigue parameter, IX, for different levels of preloads ranging from 50 to 90 %, where the preload was applied at all the four stressing rates. A dramatic time saving corresponding to the applied preloading percentage can be attained.
With the proper use of preloading in conjunction with Eq. (13) (or Fig. 2) , a considerable time saving can be achieved. However, it should be noted that an appropriate selection of preloading is also dependent upon the scatter of strength data (Weibull modulus) and that care should be taken particularly for the material with low Wthull modulus (m < 10) when one intends to use higher preloadkg > 85 %3° It is suggested that an approximate average fatigue strength for a given streqdng rate be pre-estimated using at least three to five specimens in conjunction with strength scatter (Weibull modulus) to determine the preload value to be used. The technique can also be extended to high-temperature dynamic fatigue testing as far as one governing mechanism, slow crack growth, is associated with failure. Several failure mechanisms such as slow crack growth, creep and oxidation can occur simultaneously at higher temperatures (?. 1200°C) and at lower stressing rates (< 2 MPa/min), which makes it difficult to distinguish the controlling failure mechanism. It has been shown that the application of preloading at high temperatures can give some clues to pinpoint the prevailing mechanism associated with failure. 21 
CONCLUSIONS
The analytical and numerical solution of dynamic fatigue strength as a function of preloading was obtained. The effect of preloading on dynamic fatigue strength depends on fatigue parameter (n) and preloading. The effect is diminished for increasing fatigue parameter such that n > 20. For n > 20 (common to most of glass and ceramic materials at room temperature) the dynamic fatigue strengths with a preloading of 90 % resulted in only 0.5 % higher than that with no preloading. The solution was verified by dynamic fatigue experiments with different preloadings using soda-lime glass and 96 wt % alumina flexure specimens. This indicates that one can apply a preloading up to 90 % in dynamic fatigue testing for most brittle materials, resulting in a considerable amount of test time saving. The application of preloading technique is feasible due to the fact that most of slow crack growth under dynamic fatigue loading takes place close to failure time where a dynamic fatigue strength is defined.
